Bulk, high temperature superconductors have significant potential for use as powerful permanent magnets in a variety of practical applications due to their ability to trap record magnetic fields. In this paper, soft ferromagnetic sections are combined with a bulk, large grain Y-Ba-Cu-O (YBCO) high temperature superconductor to form superconductor/ferromagnet (SC/FM) hybrid structures. We study how the ferromagnetic sections influence the shape of the profile of the trapped magnetic induction at the surface of each structure and report the surface magnetic flux density measured by Hall probe mapping. These configurations have been modelled using a 2D axisymmetric finite element method based on the H-formulation and the results show excellent qualitative and quantitative agreement with the experimental measurements. The model has also been used to study the magnetic flux distribution and predict the behaviour for other constitutive laws and geometries. The results show that the ferromagnetic material acts as a magnetic shield, but the flux density and its gradient are enhanced on the face opposite to the ferromagnet. The thickness and saturation magnetization of the ferromagnetic material are important and a characteristic ferromagnet thickness d* is derived: below d*, saturation of the ferromagnet occurs, and above d*, a weak thicknessdependence is observed. The influence of the ferromagnet is observed even if its saturation magnetization is lower than the trapped flux density of the superconductor. Conversely, thin ferromagnetic discs can be driven to full saturation even though the outer magnetic field is much smaller than their saturation magnetization.
Introduction
Bulk, high temperature superconductors have significant potential for use as powerful permanent magnets in a variety of practical applications due to their ability to trap record magnetic fields. The typical trapped field in bulk superconductors (> 3 T in bulk MgB 2 [1] [2] [3] [4] or > 17 T in bulk (RE)Ba 2 Cu 3 O 7 large grain materials [5, 6] ) is well beyond the saturation magnetization of conventional ferromagnets. This makes them extremely promising as a competing technology for traditional permanent magnets in various applications [7] [8] [9] [10] . The combination of ferromagnetic and superconducting materials can enhance the performance of the superconductor [11, 12] and even lead to new applications [13] . Large grain, bulk superconductors are often used in applications that incorporate ferromagnetic materials, such as in motors and generators [14, 15] . Ferromagnets can also increase the force in levitation systems [16, 17] and close the magnetic circuit, which improves the available flux produced by bulk superconductors [18] . Similarly, ferromagnetic materials are used as sheaths around multifilament wires and tapes [19, 20] or as magnetic flux diverters to modify the flux distribution around tapes and superconducting coil magnets [21] [22] [23] [24] [25] [26] [27] [28] ; thereby improving their electrical properties (i.e. increasing the critical current and reducing AC losses).
Ferromagnets can be used for enhancing the trapped flux in applications in which bulk superconductors are used as permanent magnets. In our previous work [29] , we characterized the increase of the remanent volume average flux density due to the presence of ferromagnet sections attached to one side of the superconductor for various configurations. We also determined how the maximum flux density (i.e. at the centre of one of the faces) is modified. In the present work, we investigate how ferromagnetic sections combined with a bulk, large grain Y-Ba-Cu-O (YBCO) superconductor influence the profile shape of the trapped magnetic induction available at the surface. Without the ferromagnet, the magnetic flux distribution above a bulk superconducting magnet is strongly non-uniform (conical profile predicted by the Bean model [30, 31] ). The purpose of the present study is to determine how ferromagnets can be used to shape this magnetic induction and improve the flux uniformity. Knowing that the saturation magnetization of ferromagnets is physically limited to around 2 T or less, another question is to determine whether the ferromagnets can still be used in a regime where the trapped flux density in the superconductor exceeds this value. In order to answer to these questions, we first use magnetic flux density Hall probe mappings and numerical modelling to investigate the interaction between a fully magnetized bulk superconductor (SC) and ferromagnets (FM) of different sizes and shapes, placed on one face of the bulk material. The magnetic properties of both the ferromagnetic material (hysteresis cycle) and the superconductor (critical current density J c (B), n-value) were determined from independent experiments and are known accurately. The finite element method, based on the 2D axisymmetric H-formulation is used to recreate the observed measurement results and understand in detail how the ferromagnetic components modify the magnetic flux density above each side of the SC/FM assembly. The excellent agreement with the measurements validates the model, which is then used in the second part of the paper to predict the magnetic behaviour in other cases. We study the influence of (i) the thickness of the ferromagnet, (ii) its saturation properties, and (iii) the superconductor properties (critical current density c ) on the magnetic flux distribution.
Materials

Superconducting sample
A solid, cylindrical bulk YBCO superconductor of diameter 16.5 mm and height 6.32 mm, with its c-axis parallel to its thickness, was synthesized using conventional top seeded melt growth (TSMG) at the University of Cambridge (UK). The melt-processed, large grain microstructure consists of a superconducting YBa 2 Cu 3 O 7-δ (Y-123) phase matrix containing discrete Y 2 BaCuO 5 (Y-211) inclusions [32, 33] . The top and bottom faces of the as-processed grain were polished prior to characterization.
The magnetic characterization of this sample at 77 K was presented in our previous work [29, 34] . The field dependent critical current J c (B) is experimentally found to follow a Bean-Kim law c ( ) = c1 (1 + | | 1 ⁄ ) −1 with c1 = 13.8 k A cm 2 ⁄ and 1 = 0.987 T. The time-dependence of the remnant magnetization follows a power law ∝ (1 + 0 ⁄ ) 1/(1− ) with = 45 for ≫ 0 .
Ferromagnetic materials
The ferromagnetic sections used in the measurements were machined from the soft ferromagnetic alloy "Supra50" [35] , which contains mostly iron and nickel (51.5 wt% and 47 wt%, respectively). Please note that the name Supra50 is not related to superconductivity. Its intrinsic magnetic hysteresis B(H) curve was presented in [29] . In this work, the alloy is characterized by two main parameters: the maximum relative permeability r,max and the saturation magnetization sat whose values are summarized in table 1. The coercive field of the Supra50 alloy was found experimentally to be 520 A/m and will be neglected in this work. The cross-sections of the investigated structures are shown in figure 1 together with the dimensions of the machined ferromagnetic sections. The D1 and D2 configurations are made with a 0.99 mm and 1.90 mm thick ferromagnetic disc, respectively. An "inverted cone" is used in the IC configuration; its thickness is 2.88 mm at the edge and decreases linearly to a residual thickness of 0.09 mm in r = 0. The RG configuration is made with a 2.88 mm thick ferromagnetic ring which has a 9.52 mm internal diameter. The ferromagnet has the same external diameter as the superconductor (16.5 mm) in all the measured configurations.
Two other commercial soft ferromagnetic materials were used in the numerical modelling: "Permimphy" from Aperam [35] and "Vacoflux" from Vacuumschmelze [36] . Their magnetic properties, summarized in table 1, were obtained from our measured data for Permimphy and through the manufacturer specifications for Vacoflux. Again, the coercive field of these materials is neglected. 
Experimental setup
The distribution of magnetic flux density above the surface of the SC/FM hybrid structure was investigated by Hall probe mapping [37, 38] . The vertical component of magnetic flux density above the magnetized sample is mapped with a miniature Hall probe (AREPOC AXIS-3H) controlled by a XYZ micropositioning stage. The probe is placed 0.5 mm above the measured surface of the whole SC/FM hybrid structure. The bottom coating under the probe is estimated to be 0.35 mm thick, which means that the flux density is measured approximately 0.85 mm above the highest point of the measured surface. A full mapping corresponds to a 30 mm wide square with 1 mm long steps. The sample and the SC/FM hybrid structures are magnetized along the superconductor's c-axis using the field cooling (FC) method under a uniform field of 670 mT produced by an iron-cored electromagnet, which ensures full magnetization of the sample. The mapping procedure always starts 20 minutes after the magnetizing field has been removed to minimize the influence of flux relaxation. The sample is fully immersed in liquid nitrogen (77 K) during the whole experiment (magnetization and subsequent measurement). For the hybrid SC/FM configurations, the ferromagnet was present during the field cooled magnetization (and not added after the magnetization process).
Modelling framework
Numerical modelling of superconducting materials is a powerful tool to help explain experimental results, investigate the physical mechanisms underlying the observed behaviour and to predict the performance of the SC/FM structures under analysis in this work. The numerical model developed here combines the electromagnetic equations governing the behaviour of the superconductor based on the 2D axisymmetric H-formulation [39] [40] [41] [42] with the same modifications made to include magnetic subdomains with a relative permeability μ r (H) as described in [25, 26, 43, 44] .
The model is implemented in the commercial FEM software package COMSOL Multiphysics 4.3a [45] using the general form partial differential equation (PDE) interface, and the governing equations are derived from Maxwell's equations -namely, Faraday's (1) and Ampere's (2) laws: A Kim-model [46] approximation for the critical current density J c is assumed for the in-field behaviour of the bulk, as described in section 2.1, and the electrical properties are modelled using a non-linear E-J power law [47, 48] , ∝ , where n = 45.
Since the magnetization process is slow, isothermal conditions are assumed; hence, no thermal model is included. In order to simulate the field cooled procedure used in the experiment (as experimentally performed in [29] ), a zero field cooled process is employed in the simulation, and based on a simple Bean model [30, 31] approximation, as long as the externally applied field is twice the full penetration field of the bulk sample, the trapped field will be the same as in the case of field cooling [49] . A ramped, external magnetizing field up to 3 T is applied to the SC/FM structure, then removed, over a period T = 400 s (i.e. B ext = 3 T at t = 200 s), by applying appropriate boundary conditions in the model [39] .
Results and discussion
Measurement results
In this section, we investigate the influence of the ferromagnet on the profile of the magnetic field distribution on both sides of the SC/FM assemblies for different geometric configurations through Hall probe mappings and modelling. Figure 2 (a) shows the measured magnetic induction z 0.85 mm above each of the faces of the superconductor alone (SC configuration). The induction follows a conic profile on both faces as predicted by the Bean model [30, 31] . The field on the top face (containing the seed) is found to be approximately 34 % higher than on the bottom face (far from the seed). This fact is due to the unavoidable radial and axial distribution of T c and J c in bulk, large grain superconductors and results typically in a higher J c in the layer of the superconductor located near the seed [29, 38, [50] [51] [52] . A reduced c is mainly observed near the seed and results from contamination from the seed crystal. This reduced c might, however, be compensated by an increased irreversibility field in this region. The critical current density variations results from variations of the local microstructure and of the influence of the seed contamination [50] . In addition, the critical current density is usually found to be higher at the boundaries between the growth sectors than in these growth sectors [10] . Note that some inhomogeneities of the material studied in this work were probed experimentally in our previous work [29] .
Figure 2(b) shows the mappings 0.85 mm above each face for the D2 hybrid configuration, in which a 2 mm thick ferromagnetic Supra50 disc is placed under the superconductor. On the top face, the presence of the ferromagnet leads to a 6.5 % increase of the maximum flux density, as presented in table 2. On the bottom face, an important change in the shape of the flux density occurs: the flux density distribution exhibits now a plate-like shape and its value on the symmetry axis is strongly decreased.
The results shown in figure 2 are consistent with those obtained in our previous work [29] where the measured quantities were (i) the average volume flux density and (ii) the flux density probed by a fixed Hall probe stuck at the centre of both circular faces. The results can be explained as follows. The attenuation of the maximum flux density on the bottom face results from a shielding effect of the ferromagnet, which acts as a magnetic short-circuit and drives the flux lines directly towards the edges of the superconductor. To a first approximation, the increase of maximum flux density on the top face can be understood through the image theorem, since flux lines must be perpendicular to the ferromagnet/superconductor interface on the superconductor side. The image theorem predicts that adding a semi-infinite volume (extending to infinite radius and depth) of perfectly ferromagnetic material ( r → ∞) is equivalent to doubling the height of the superconducting cylinder. A superconducting cylinder with a higher aspect ratio experiences a lower demagnetizing field and has a larger magnetic flux density at its surface. In practice, the real effect is not as significant as the image theorem would predict, since the ferromagnet is not semi-infinite. Since the results plotted in figure 2 exhibit clear axisymmetric behaviour, we can examine in detail the ferromagnet-induced modifications of the flux density distribution by plotting measurements radially along any diameter of the assembly, which is shown in figure 3 (a). conical to a plate-like shape when the ferromagnet covers the entire surface (D1, D2, and IC). The flux density is the largest for a ring aligned with the edges of the ferromagnet. The ferromagnetic ring (RG) does not cover the entire surface of the superconductor and the measured flux density exhibits three maxima with a central "bump". It is of interest to note that a larger increase in B z on the top face corresponds to a larger decrease on the bottom face in all measured configurations.
These flux distribution measurements are consistent with the results obtained in previous work [29] . A thicker ferromagnetic disc leads to a larger increase in magnetic flux on the face opposite to the ferromagnet. For a given volume of ferromagnet, the shape also plays an important role since the inverted cone (IC) enables a larger flux modification than the disc (D2). The flux distribution on the ferromagnet side is strongly shape-dependent: when the ferromagnetic material does not cover the centre of the surface, the magnetic flux density arising from the supercurrent located under the uncovered zone is not shielded, leading to a succession of minima and maxima. Although such a peculiar shape is not relevant to the present study, it shows the possibility to modulate the induction using a succession of holes and ferromagnetic sections. Such a "nearly sinusoidal" flux distribution is desired in some applications, e.g. strong field undulators or wigglers to be used in future synchrotron light sources and e-e linear colliders [53] . 
Modelling of the measured configurations
In this section, the modelling framework presented in section 4 is used, together with the parameters introduced in section 2, to model the magnetic flux distribution of all configurations investigated experimentally. Figure 3 (b) shows the modelling results corresponding to the measurements shown in Figure 3 (a), i.e. the distribution of B z along the diameter, 0.85 mm above each surface. Table 2(b) gives the numerical values at r = 0 and their variations relative to the superconductor alone (SC) configuration.
It can be seen that the modelled curves shown in figure 3(b) exhibit mirror symmetry at r = 0 (centre of the bulk) since they are obtained from a 2D axisymmetric model. In the absence of any ferromagnet (SC configuration), the results are identical on the top and bottom faces since the model assumes uniform, macroscopic J c (B) properties for the bulk superconductor. This is in contrast with experimental results where some J c (r, z) dependence needs to be considered to account for the different flux distributions on top and bottom faces [10] . Since the J c (B) data used in the modelling were obtained from non-destructive average magnetic measurements over the whole bulk pellet [29, 34] , the modelled distribution results are an intermediate between those measured on the top and bottom faces, as expected intuitively.
As can be seen in figure 3 , there is an excellent qualitative agreement between the measurements and modelling results. Remarkably, the exact characteristics of the experimental flux profiles can be reproduced accurately with the model. On the top face, i.e. opposite to the ferromagnetic sections, the sequence of all modelled plots is the same as for the experiment. Quantitatively, the relative variations of B z at the reference position, as summarized in table 2, are similar. These relative variations differ for a maximum of 1.5 percentage points (pp) on the top face and 4.1 pp on the bottom face.
The nice agreement between the experimental and numerical results provides strong evidence that our model is able to reproduce the magnetic properties of a superconducting disc with different ferromagnetic sections, the properties of both being obtained by preliminary independent experiments.
This gives confidence that this model can be used to study the flux redistribution and predict the influence of magnetic materials of other properties and/or shapes on the trapped field produced by large, bulk high temperature superconductors.
Modelling results for other configurations
Following validation of the model by experiment, this can now be used to study new configurations where the parameters can be changed one at a time. Additionally, quantities not directly available through measurements (e.g. the distribution of the flux density B inside the materials) are extracted from modelling results. In this section, we will first study geometric and magnetic modifications of the ferromagnet, including their influence on the gradient of B z . Next, the influence of the critical current density of the superconductor will be examined. In particular, we will investigate the regime for which the maximum flux density produced by the superconductor exceeds the saturation magnetization of the ferromagnet.
5.3.1
Influence of the disc thickness. Figure 4 shows the modelled induction obtained on each face for SC/FM structures using different ferromagnetic discs made of Supra50 material. In addition to the D1 and D2 configurations introduced in section 2, three new configurations are investigated: D035, D070, and D3, corresponding to disc thicknesses of 0.35 mm, 0.70 mm, and 2.90 mm, respectively. All discs have the same diameter as the superconductor. To make the comparisons easier, the crosssections of these configurations are shown on the right-hand side part of figure 4 . The SC-alone configuration is also shown for reference.
On the top face, a thicker disc on the bottom gives a higher flux density compared to the reference sample. The 0.70 mm and thicker discs lead to a similar increase while the 0.35 mm thick disc is experimentally found to be much less efficient. A similar redistribution for the different discs can be observed on the bottom face: the plate-like shape of the flux density is obtained for the 0.70 mm and thicker discs, while the 0.35 mm thick disc exhibits a completely different behaviour. In the latter, the flux distribution is intermediate between that obtained for the superconductor alone and for the thicker discs and displays a centred peculiar "camel-bump". Actually, a closer look at the D070 curve shows the emergence of this bump as well (see inset of figure 4 ). For thicker discs, the flux density at a constant distance (0.85 mm) from the ferromagnet is a decreasing function of the ferromagnet thickness. The relative increase of z c = z ( = 0) on the top face as a function of the thickness d of the ferromagnet is shown in figure 5 . The curve displays a "kink" occurring at some disc thickness d * within the range of about 0.7 mm to 1.0 mm. The increase is strongly thickness-dependent for d < d * and then flattens for d > d * . A similar "kink" was also observed in the same range of ferromagnet thicknesses at scan heights of 0.1 mm and 1.5 mm, which indicates that the "kink" is independent of the scan height. The origin of this behaviour is discussed below. In order to obtain additional information about the particular D035 and D1 configurations (i.e. on both sides of the kink), it is of interest to examine the distribution of magnetic flux lines generated by the magnetized superconductor. These are shown in figure 6. The 0.99 mm disc (D1) is found to drive a very large proportion of the flux lines towards the edges of the superconductor. This disc is not fully saturated, as evidenced from the colour scale which does not reach the saturation magnetization of 1.4 T. This behaviour is also observed on the D2 and D3 configurations (figures not shown). The 0.35 mm disc (D035), however, is nearly fully saturated. The saturation magnetization is reached in a majority of the ferromagnet volume; only small regions near the symmetry axis and near the outer face of the ferromagnet are not saturated. The remarkable feature of the above results is that a large volume of the ferromagnetic disc is brought close to saturation ( ≈ 1.4 T), although the maximum flux density that would exist against the superconductor without ferromagnet is ≈ 0.3 T, i.e. one fourth of the saturation magnetization of the ferromagnet. The saturation is responsible for the much different behaviour of the 0.35 mm disc, compared to thicker ones. The kink occurring in figure 5 is thus related to the "threshold" thickness d * under which this saturation occurs. It is obviously linked to (i) the superconductor generated fluxand therefore to its size and critical currentand to (ii) the saturation magnetization of the ferromagnetic material. In order to extend the generality of these results to other sizes and ranges of physical properties, it is tempting to roughly estimate this "threshold" thickness d * from a simplified analysis based of conservation of magnetic flux and to compare it to the interval of about 0.7 to 1.0 mm found in figure 5 . First, we assume that the superconducting disc (radius a) is characterized by a field-independent J c , i.e. the true J c (B) is replaced by a constant J c producing almost the same flux distribution above the superconductor alone. Note that, as will be shown below (section 5.3.3), the corresponding field-independent J c in the present case is c2 = 1.03 × 10 8 A/m². As a first approximation, the radial dependence of flux density in the median plane (z = 0) is given by ( ) = 0 c0 ( − ). If we further assume that there are no stray field lines through the lateral surface of the superconductor, the total flux generated by the superconductor is given by radial integration of B(r), i.e. = 0 c0 3 3 ⁄ . In the case of a perfect (infinitely permeable) ferromagnet, axial magnetic flux lines exiting the superconductor at the SC/FM interface would be channelled by the ferromagnet along the radial direction, i.e. they would exit the ferromagnet through its lateral surface. For a ferromagnetic disc of thickness d, conservation of magnetic flux imposes therefore that the magnetic flux density in the ferromagnet B FM is such that
A rough approximation of the flux density in the ferromagnet is therefore given by FM = 0 c0 ( 2 6 ⁄ ).
Since this hypothetical, perfect (infinitely permeable) behaviour occurs only when the magnet is not saturated, the minimum ferromagnet thickness required (denoted d*) is such that
Using the actual parameters ( c0 ≈ 10 8 A/m 2 , 0 sat = 1.4 T, = 8.25 10 −3 m), we obtain a threshold thickness given by * ≈ 1 mm. This value, estimated with rather "crude" assumptions, is in fair agreement with the interval found using finite element modelling (0.7 to 1.0 mm). As a consequence, formula (3) can be used as a simple design rule to determine the minimum required thickness of ferromagnetic material. Note that for a given superconductor geometry and a given critical current, increasing the ferromagnet thickness above * will not impact significantly on the surrounding field.
More precisely, we can derive an analytical upper bound for the relative increase of z c on the superconductor side when a ferromagnet of the same radius is attached to the opposite face. This upper bound is the expected horizontal asymptote of the graph shown in figure 5 when the ferromagnet is a perfect ferromagnetic material occupying the semi-infinite volume z < 0. The expected increase for an infinitely thick ferromagnetic "disc" is likely to be bounded by the increase that would occur for a semi-infinite ferromagnet. Since the latter configuration is equivalent to doubling the height of the superconducting disc, we can roughly estimate the effect of the ferromagnet from the analytical formula giving the magnetic flux density along the axis of a fully magnetized superconducting cylinder (radius a, height L, critical current density J c ) [10, 54, 55] 
where z is the elevation from the centre of the superconductor. At the centre of one face of the superconductor (z = L/2), the flux density B CF is equal to
which can be rewritten as a function of the dimensionless (thickness / radius) ratio = ⁄ , i.e.
where the function ( ) is introduced, given by
The theoretical increase that would be due to a semi-infinite ferromagnet is therefore given by [ (2 ) − ( )] ( ) ⁄ For the geometric parameters of the superconductor investigated in this work (L = 6.32 mm, a = 8.25 mm, = 0.766), one obtains ≈ 13 %. This rough upper bound is indeed a few percent above the relative increase modelled for the thickest ferromagnet investigated (8%). The conclusion to be drawn from this analysis is that a ferromagnet is extremely helpful in increasing the flux density of a superconductor, but that a thickness much larger than the threshold value d* defined above is not needed.
Since many applications of bulk superconductors are linked to levitation systems [56] [57] [58] , it is also of interest to investigate whether a ferromagnetic disc placed at the bottom of the superconducting pellet is beneficial to the vertical levitation force above the superconductor top face. Along the axis of the superconductor, this levitation force is proportional to the gradient of flux density dB z /dz [59, 60] . Figure 7 shows the modelled magnetic induction B z along the symmetry axis (i.e. for r = 0) for the D035 and D1 configurations. The z derivative of these curves can be used to study the influence of the ferromagnet on the levitation force. The modelling results show that the addition of the ferromagnetic disc on one side increases dB z /dz at r = 0 on the opposite side by 3.1% and 5.2% with the 0.35 mm and 0.99 mm discs, respectively (values taken 0.85 mm above the superconductor). Although the relative increase of d z d ⁄ is not as high as the relative increase in B z , it can be concluded that the presence of the ferromagnet yields an increase of the levitation force above the superconducting pellet. 
5.3.2
Influence of the type of ferromagnetic material. Figure 8 shows the flux distribution modelled above the D035 configuration for three ferromagnetic materials of different saturation magnetizations: Supra50 (µ 0 M sat = 1.4 T; violet dash-dot) as shown above, Permimphy (µ 0 M sat = 0.8 T; red dash), and Vacoflux (µ 0 M sat = 2.2 T; green line). The magnetic induction obtained for the superconductor alone is shown for reference (blue line). On the bottom face, the three B z profiles exhibit several bumps. When increasing the saturation magnetization M sat of the ferromagnetic material, the general trend is that B z decreases in the central region and increases near the edges of the sample. At the highest saturation magnetization investigated, the shape tends to the plate-like shape observed for thicker ferromagnetic discs. On the top face, the maximum flux density is an increasing function of saturation magnetization M sat of the ferromagnet. The corresponding flux density increase, as a function of M sat , is shown in figure 9 . A quasi-linear behaviour is observed in the studied range. These results are in agreement with those obtained when varying the thickness of the ferromagnet (section 5.3.1): when the ferromagnet is saturated, only a small fraction of the flux lines can be channelled radially towards the lateral surface of the ferromagnet. According to equation (3), the threshold thickness below which saturation occursand the "bumps" in B z appearis inversely proportional to the saturation magnetization M sat . This means that for µ 0 M sat = 2.2 T, this threshold thickness would be approximately 64% of that for the Supra50 studied earlier. Qualitatively, increasing the saturation magnetization of the soft ferromagnet has the same effect globally as increasing its thickness. The conclusion to be drawn is that ferromagnets with the highest saturation magnetization possible are always preferred, but that the intrinsic (physical) limitation of the saturation magnetization of classical ferromagnets can be overcome by using thicker ferromagnetic discs. 
5.3.3
Importance of the critical current. The numerical model is used in this section to study the influence of the critical current density of the superconductor on the above results. We first compare the magnetic flux profiles obtained either with a field-dependent J c (B) or with a constant J c . Next, we investigate the properties of a large-J c hybrid structure generating a field much higher than the saturation magnetization of the ferromagnet. dependent J c (B), this J c (B) dependence is not so crucial for investigating the flux profiles at some distance for the hybrid SC/FM structures. Note that the regime investigated here is one for which the flux density in the superconductor is on average 50-60% of the B 1 parameter of the J c (B) law, which means that field-induced variations of the critical current density can indeed be found in the superconducting volume. It is of interest to investigate what happens when the magnetic field generated by the superconductor is much higher than the saturation magnetization of the ferromagnetic material, and to know if it is still useful to use iron in such high field environments. The model is therefore run with a higher (constant) critical current ten times larger than that used in the previous sections, i.e. 2 ′ = 10 × 2 = 10.3 × 10 8 A/m². Note that the practical way of reaching such higher critical current density would be to simply decrease the operating temperature. Figure 11 shows the modelling results obtained at = 2 ′ when the superconductor is combined with ferromagnetic discs of thicknesses 0.35 mm, 0.99 mm, and 1.90 mm (the D035, D1, and D2 configurations, respectively); these are all made of Supra50 material (saturation magnetization = 1.4 T). To achieve full penetration of the superconductor, a magnetizing induction of 15 T is applied.
As can be seen, the remanent magnetic flux density is approximately ten times higher, with maximum values on the order of 3 teslas. Nevertheless, the general behaviour is similar to the previously obtained results. The trapped field on the top face increases with increasing thickness of ferromagnet. The increase, however, is relatively less significant than found previously, e.g. for D2, the increase of z c is 3.0%, instead of 9.6% for the lower constant critical current density J c2 . On the bottom face, the distribution of B z is still conical, but attenuated at its centre and widened out at the edges. The interesting feature of the results shown in figure 11 is that the previous conclusions are still valid. A thicker ferromagnet leads to a larger decrease on the bottom and a larger increase on the top. We also see that a higher flux needs a thicker ferromagnet of a given material to achieve an equivalent shielding effect. According to the rough estimation given by equation (3), the minimum thickness of ferromagnet above which it is no longer saturated (d * ) is directly proportional to the superconductor critical current density J c . In the present case this would correspond to approximately ten times the value found for the initial J c , i.e. * ≈ 10 mm. In the practical thickness range investigated for figure 11 (0.35 to 2 mm), the regime is such that the ferromagnet is driven to saturation, at least partially. This is evidenced from the results shown in figure 11 (b) which show a gradual evolution of the flux profiles.
It is of interest to compare the contribution of the totally saturated ferromagnet to that of a permanent magnet with a uniform axial magnetization = sat = 1.4 T. On the symmetry axis, the contribution of the permanent magnet can be computed by the analytical formula [54, 61] z ( ) = 0 2 ( + /2
where a is the diameter of the sample, L its height and z the distance on the symmetry axis measured from the magnet centre. For the D2 configuration, the contribution of such a permanent magnet is found to be 59 mT at the top Hall probe location. This increment is lower than the 86 mT increase of z c observed in figure 11 (a) for the same D2 configuration. Similar results are found for the two other configurations (D035 and D1) in figure 11 . These results, although based on a simple analytical model, suggest that the field enhancement due to flux closure through the soft ferromagnet is not simply given by the addition of the superconductor field and the stray field of a permanent magnet which has the same size and magnetization saturation as the investigated ferromagnetic material.
The important conclusion to be drawn is that the ferromagnet still plays a role in increasing the field produced by the superconductor, even though the latter is twice the intrinsic saturation magnetization of the ferromagnetic material. Interestingly, the regime investigated is one for which magnetic flux density measured at some distance from the ferromagnet is extremely sensitive to the thickness of ferromagnet. Although this is out of the scope of the present study, this strong sensitivity to thickness could be usefully exploited to form the basis of a contactless thickness sensor of ferromagnetic materials. 
Conclusion
In this paper, the surface magnetic flux density above both faces of several superconductor/ferromagnet (SC/FM) hybrid structures has been measured. These results were then modelled using a 2D axisymmetric finite element method based on the H-formulation. The models use the physical parameters of the SC and FM determined from independent characterization measurements carried out in a previous work. The modelling results are in excellent qualitative and quantitative agreement with the measurements, which validate the model for further investigations. The model is then used to study the magnetic flux distribution and predict the behaviour for other constitutive laws and geometries. We have investigated successively the influence of ferromagnet thickness and saturation magnetization, and the critical current density of the superconductor, including the influence of a field-dependent J c (B). In all studied configurations, a ferromagnet section is attached to the bottom of a superconducting disc. At the bottom face, the ferromagnetic material acts as a magnetic shield, so that the flux density is reduced globally. Conversely, the flux density is enhanced on the top face (i.e. opposite to the ferromagnet) and the present investigations aimed at a better understanding of this phenomenon.
First, the results demonstrate that the thickness and saturation magnetization of the ferromagnetic material are important and play somewhat similar roles. The higher the saturation magnetization and/or the thicker the ferromagnetic material, the higher the trapped field on the top face and the larger the shielding effects at the bottom. A ferromagnet of given thickness below its full saturation will drive the majority of flux lines radially towards its sides, therefore shielding a large part of the magnetic induction B z . If the trapped field is increased, the amount of diverted/shielded flux will not change after the full saturation of the ferromagnet. Therefore, the effect of the ferromagnet will become relatively less important as the generated flux increases.
Based on these considerations, the results show that the increase of magnetic flux vs. thickness of ferromagnetic disc exhibits a "kink" corresponding to full saturation of the ferromagnet. We have derived a simplified analytical model based on magnetic flux conservation to roughly estimate the most suitable ferromagnet thickness d * , below which saturation occurs and above which weak thickness-dependence is observed. Remarkably, the rough estimation of * ≈ c0 2 6 sat ⁄ agrees reasonably well with that obtained with accurate 2D finite element modelling of the full assembly. An increase of the ferromagnet thickness well beyond d * is of low interest. Therefore, this d * value can be used as a very useful "rule of thumb" to investigate the significance of the ferromagnet effects. Investigations for constant and field-dependent critical current densities lead to nearly similar results. This shows that the particular J c (B) dependence is not a crucial parameter in investigating the behaviour of SC/FM structures. In addition, we show that the ferromagnet is also beneficial in improving the field gradientand hence the magnetic levitation forceoutside the superconductor.
The last and perhaps most relevant result of this study is that the flux density on the face opposite to the ferromagnet is shown to be enhanced by the ferromagnet, even though the generated field outside the assembly is much larger (twice in the present investigation) than the saturation magnetization of the ferromagnet. This was checked by running the models with a critical current density ten times higher, which is similar to lowering the temperature from 77 K to 20 K with the measured superconductor. Conversely, thin ferromagnetic discs can be driven to full saturation even though the outer magnetic field is much smaller (one fourth in the present investigation) than the saturation magnetization of the ferromagnet. These results aid significantly the understanding of the contribution of ferromagnetic sections to the trapped field produced by bulk high temperature superconductors, which is fundamental to realising practical applications of these technologically important materials.
